Abstract
We present a comprehensive experimental and theoretical study on superfluorescence in the extreme ultraviolet wavelength regime. Focusing a high-intensity free-electron laser pulse in a cell filled with Xe or Kr gas, the medium is quasi instantaneously population-inverted by inner-shell ionization on the giant resonance followed by Auger decay. On the timescale of 100 ps a macroscopic polarization builds up in the medium, resulting in superfluorescent emission of several Xe and Kr lines in the forward direction. As the number of emitters in the system is increased by either raising the pressure or the pump-pulse energy, the emission shows an exponential growth of over 4 orders of magnitude and reaches saturation. With increasing yield, we observe line broadening, a manifestation of superfluorescence in the spectral domain. Our novel theoretical approach, based on a full quantum treatment of the atomic system and the irradiated field, shows quantitative agreement with the experiment and supports our interpretation.
Superfluorescence [1] is the spontaneous, collective decay of an extended ensemble of atoms that have been prepared in a population-inverted state, resulting in collimated, highintensity radiation pulses. The pulses are emitted at a certain delay following excitation and have a duration that can be several orders of magnitude smaller than the typical upper-state lifetimes. Long before the advent of short-wavelength free-electron lasers (FELs), strong superfluorescence in optically thick media was proposed as a source of highly intense and pulsed extreme-ultraviolet (XUV) or X-ray radiation [2] . Strong X-ray K-α superfluorescence following ionization of the 1s shell with a focused X-ray FEL (XFEL) beam was demonstrated in neon gas [3, 4] , solid copper [5] and manganese salts in aqueous solution [6] . Extremely high gains were observed in these experiments [3, 6] , with exponential amplification factors surpassing 20 compared to spontaneous emission. In the vacuum ultraviolet and XUV regions, superfluorescence following inner-shell ionization has so far not been demonstrated.
The difficulty to obtain transient gain in this wavelength regime is a consequence of the very different time scales of two competing processes: on the one hand, short (fs) Auger lifetimes of inner-valence vacancies, and, on the other hand, comparatively long (ns) radiative transition times -a highly unfavorable combination to sustain a sizable population inversion and gain. Here, we present combined experimental and theoretical work, giving strong evidence for XUV superfluorescence of Xe and Kr gases. Population inversion is achieved by photoionization of an inner-shell with an XUV FEL, followed by rapid Auger decay of the inner-shell vacancies. Different Auger-decay channels result in the occupation of excited dicationic states and the creation of a population inversion (see level scheme in Fig. 1 ), that sustains coherent collective emission. These Auger-decay pumped lasers, predicted in 1975 [2] , have been experimentally realized in the 1980s in Xe and Kr gas [7, 8] using a laser-generated plasma XUV source. Already then, it was speculated that the emission could stem from superfluorescence. The transverse pump geometry and the long rise time of the plasma-generated emission, however, were not ideal to sustain superfluorescent emission. FELs offer a clear advantage: Firstly, their ultra-short pulses at high intensities guarantee a nearly instantaneous inversion of the level population in an extended ensemble of atoms. Secondly, the transverse coherence of FELs allows for tight beam focusing and the possibility to longitudinally pump a long and narrow gain medium in a so-called gain-swept pumping geometry [9] , which is ideal for creating superfluorescent emission [10] . As shown in Refs. [11] [12] [13] , FEL excitation of He gas induces optical superfluorescence. Here, we report superfluorescence in the XUV spectral region.
Superfluorescence is characterized in the temporal domain by a highly directional emission peaking around a characteristic delay τ D following the excitation, and is often accompanied by temporal ringing. The pulse peak power grows quadratically with the number of emitters.
Another important feature, the manifestation of superfluorescence in the spectral domain, was hardly studied in the past [14] [15] [16] . Here, we present a comprehensive spectroscopic measurement of the superfluorescence in Xe and Kr. By increasing the number of emitters as we raised the pump-pulse energy and pressure, we can make a quantitative comparison to our novel theory [17] . Our theoretical approach is fully quantized in both atomic and field degrees of freedom and goes beyond the typical Maxwell-Bloch-like phenomenological treatments [1, 4, 18] . It predicts ensemble averages of the temporal and spectral intensity profiles of the emission, and enables a realistic treatment of the pump process.
The experiment was performed at the CAMP end station of the Free-Electron Laser in Hamburg (FLASH) [19] . Pulses of ∼ 80 − 100 fs duration at 10-Hz repetition rate were focused into a pressurized gas cell [3, 4] to result in an effectively pencil-shaped pumped medium of 4.5 mm length and 20-30 µm radius. The photon energy was tuned to 73 eV, 92 eV and 100 eV (across the giant 4d resonance that peaks at around 100 eV [20] ) in Xe, and to 100 eV for Kr. The maximum available pulse energy on target was 90 µJ. The transmitted FEL pulse and the XUV line emission were analyzed by a high-resolution spectrometer allowing the measurement of both the FEL spectrum and the lasing lines in different diffraction orders. Given the small solid angle of detection of 1.4×10 −4 sr, our setup did not measure the mere fluorescence emitted by the excited gas in the forward direction..
We observed strong laser-like emission in forward geometry direction, with similar angular divergence as the pump FEL pulse, at 65.18 nm, 68.14 nm, 68.8 nm and 108.9 nm in Xe (see Table I ). Only the 108.9 nm emission line had previously been observed [7, 21] . In Kr, we observed emission at 54.0 nm and a weaker emission at the previously observed wavelength of 90 nm [8] . Examples of single shot and averaged Xe emission spectra are presented in Fig. 2 , showing two sharp lasing lines at 65.18 nm and 68.14 nm.
The level scheme for Xe is depicted in Fig. 1 [20, [22] [23] [24] [25] [26] [27] [28] [29] . Following 4d ionization, the inner-shell excited states Xe + 4d [31] and are discussed in [32] . The measured partial occupation rates are input parameters for our theory. The pumping scheme for Kr is similar, except that the photoionization occurs in the n = 3 shell, creating Kr + 3d
and 3d
5/2 states with Auger lifetimes of ≈ 7.5 fs [33] [34] [35] [36] [37] [38] [39] . Superfluorescent emission then emanates from Kr 2+ ions with two holes in the n = 4 shell.
We now focus on the Xe emission lines at wavelengths of 65.18 and 68.14 nm. In Fig.   3 -a, the integrated intensity of the 65.18 nm Xe line is shown as a function of the FEL-pulse energy for a photon energy of 73 eV (92 eV) at a pressure of 7 mbar (3.5 mbar). These values were chosen to optimize the emission-line intensity (see Fig. 3-b) . A clear exponential increase of the emission strength over 4 orders of magnitude results from varying the pulse energy from 10 to 60 µJ. For 92 eV pump-photon energy, the emission strength saturates for pulse energies above 30 µJ, while for 73 eV pump-photon energy, saturation sets in for pulse energies exceeding 50 µJ. The signal above 50 µJ pulse energy for 92-eV pumpphoton energy was saturated on the detector and is not shown. The pulse-to-pulse variation of the integrated line emission intensity spreads over more than one order of magnitude for a given FEL-pulse energy, which was measured upstream the interaction volume and transport optics. The scatter is due to pulse energy measurement uncertainty as well as pointing instabilities of the FEL, leading to partial clipping of the focused beam by the gas-cell apertures. The intensity of the Xe 68.14 nm line showed a similar behaviour with pump-pulse energy, pump-photon energy and pressure [32] .
The large difference of gain between 73-eV and 92-eV pump photon energy is not only due to the difference in 4d photoionization cross sections (σ abs =5.2 Mb for 73 eV and σ abs =25
Mb for 92 eV [20, 40] ), but also to differences in partial occupation rates of the upper and lower states of the emission lines (see Fig. 1 ), as revealed by our electron-electron coincidence measurements in Xe. Single-photon, double-ionization of the valence orbitals plays a significant role in the occupation of the superfluorescence states: At 73 eV this pathway amounts to ≈ 15% of the occupation of the upper state B, and ≈ 30% of the lower states. At the peak of the 4d giant resonance, its relative contribution is smaller. Valence double ionization de facto reduces the population inversion created by the 4d ionization pathway, since this process tends to majorly populate energetically lower lying Xe 2+ states (see Fig. 1 and table S-1 in [32] ). This explains the larger gain of the 65 nm line at 92 eV and 100 eV compared to that at 73 eV. In addition, at 92 eV, a conjugate shake-up Auger decay, which is energetically inaccessible at 73 eV [41] , slightly enhances the population of the upper state of the 65 and 68 nm lines.
Insight to the amplification process can be gained through our theoretical model [17] . The approach is based on a quantized treatment of both the emitted field and the atomic system and predicts the emitted intensity profile in the temporal and spectral domains for the ensemble average [32] . Being fully quantized, it enables us to capture the cross-over from spontaneous emission through amplified spontaneous emission to superfluorescence. It is restricted here to a quasi one-dimensional pump geometry (single k-vector of the emission).
Although we are facing a complex level structure of common emission upper states, we only consider a single transition (see Fig. 1 ). This approximation thus does not take into account the competition between two transitions sharing the same upper state, but should be sufficient for capturing the emission dynamics before the system saturates and Rabi oscillations occur. Cascading superradiant processes, such as FEL induced multi-level superfluorescence in He [12, 42] , would need a more sophisticated level scheme in the model for all involved levels, assuming cross sections for the neutral atom to be valid.
At the considered pressures and electron densities, electron collisions were not assessed as critical [7] . The theory solves for the occupations of the Xe ground state, the 4d −1 inner-hole state, the lower and upper levels of the emission line as well as for the temporal and spectral properties of the outgoing radiation (see [32] ).
Despite the level scheme simplification and the 1D approximation, the theory reproduces well the emission yield as a function of pump energy for both 73 and 92 eV photon energies ( Fig. 3-a) . To compare with the experiment, we assumed a total detection efficiency of 5%.
The pressure dependence of the yield is qualitatively reproduced by the theory (see collapsed into a single emission peak of 450 ps duration. The evidence of this previous work points towards a cross-over from amplified spontaneous emission to superfluorescence.
In the spectral domain, we measured a quasi-linear broadening of the Xe 68.14 nm emission line as a function of its intensity (Fig. 4-a) . This broadening is at the limit of the resolution of our setup (0.4 meV) and could only be observed in 3 rd diffraction order. XUV lasers approaching the carbon 1s edge [44, 45] with ps [46] and recently sub 100 fs [47] duration, the demonstrated Auger-pumped superfluorescence source will not be competitive yet. Schemes could however be envisioned to shorten the pulse duration. Ionizing the upper lasing state with a short, time-delayed laser pulse would shrink the superfluorescence time, albeit at downscaled photon number. Coherent, optical quantum control schemes, such as recently suggested [48, 49] , could also be adapted to such a source. The fact that saturation could be reached with optical pump sources [50] is very appealing. The very good photon energy reproducibility even in the absence of a high-resolution setup can deliver lines for photonic studies with e.g. photoelectrons with an extremely narrow and well defined energy. The geometry of the gain medium could be optimized, allowing for a large number of emitters at higher solid angle [51] . Auger-and Coster-Kronig pumped systems have been theoretically studied for only a few atoms [52, 53] , but a systematic search through other atomic or molecular gain media could lead to more XUV emission wavelengths.
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EXPERIMENTAL SETUP
The experiment was performed at the CAMP end station at FLASH. Pulses of ∼ 80 − 100 fs duration at 10-Hz repetition rate were focused to a nominal spot of 5 × 7 µm 2 into a pressurized gas cell of 4.5 mm length along the beam axis, so that the excited gas has a pencil-shaped geometry of large aspect ratio. The photon energy was tuned to 73 eV, 92 eV and 100 eV for Xe studies, and 100 eV for Kr. Assuming a beamline transmission of 50%, the maximum available pulse energy on target was 90 µJ, corresponding to an intensity of 4 × 10 15 W cm −2 . The gas cell of adjustable pressure was used in previous experiments and consisted of three sections delimited by four Kapton windows. The central section of 4.5-mm length contained gas at 1-100 mbar pressure, while the two outer sections were used for differential vacuum pumping, ensuring a residual pressure in the main chamber below 10 −5 mbar. The transmitted pulse and stimulated emission were impinging on a high resolution spectrometer consisting of a rotatable parabolic Pt-coated grating with 2400 grooves/mm and a radius of curvature of 3 m. The diffracted light was imaged onto a CCD camera (Andor, model Newton) at a fixed angle of 15
• with the incoming arm. The selection of the diffraction order and wavelength range of observation was achieved by rotating the grating. Given the large focal length of the spectrometer, the maximum solid angle detectable was 1.4 × 10 −4 sr. The size of the excited medium was estimated from the focusing geometry of the spectrometer to 20 -30 µm radius.
The spectrometer calibration consists of determining parameters A and B of the following equation, for small grating angles: kλ = Aθ − Bx where λ is the wavelength, k is the diffraction order, θ is the grating angle with respect to 0 th order and x is the lateral position on the CCD in pixels. To do so, we performed absorption spectroscopy measurements of He auto-ionizing resonances (see Zubek et al., J. Phys. B: At., Mol. Opt. Phys. 22, 3411 (1989) and Domke et al., Phys. Rev. A 53, 1424 (1996) ). With 80 mbar of He in the gas cell and a photon energy of 73 eV, we recorded spectra of self-amplified spontaneous emission (SASE) at different diffraction orders. For each order, averaging over a few hundred shots results in a smooth spectrum showing absorption dips at characteristic energies that we used for calibration. We found an angle dispersion of A = (14.58 ± 0.07) nm/deg, and a dispersion on the detector of B = (1.70 ± 0.02) pm/pixel, which corresponds to a resolution power of ∼ 2 × 10 4 and an observable wavelength window of ≈ 3.5 nm in 1 st order of diffraction. In 3 rd order, this translates to a resolution power of ∼ 6 × 10 4 . The grating angle was manually adjustable and allowed the selection of the central wavelength with an accuracy of ±1.4 nm. The detected number of photons was derived from the integrated CCD counts by taking into account the gain, and the wavelength-dependent quantum efficiency of the detector according to the constructor. 
AUGER SPECTRA AND LINE IDENTIFICATION Xenon
The superfluorescent emission lines observed in Xe are assigned to transitions between Xe 2+ states which are efficiently populated by Auger decays. The gas -photon interaction at the used XFEL photon energies (73 and 92 eV) leads to the formation of Xe + , Xe 2+ and Xe 3+ . Both Xe 2+ and Xe 3+ levels can be populated by Auger decay, however analysis of coincidence spectra by Penent et al. [29] revealed that cascade emission of two Auger electrons following ionization in the 4d shell is the dominant process of the formation of Xe 3+ ions. These double decays only lead to the formation of ground state or low energy excitations of Xe 3+ , with 5s 2 5p 3 configurations. Radiative transitions between these low-energy excitations and the Xe 3+ ground state are too low in energy and superfluorescence in Xe
3+
ions can safely be excluded. The observed lasing transitions are therefore among Xe 2+ emission lines. The upper and lower states of the transitions could be identified from the literature and especially from the work by Juahiainen et al. [23] . Their assignment is presented in Table S-I. In order to get more details on the population of these Xe 2+ states, electron-electron coincidence measurements were performed with the HERMES magnetic bottle spectrometer [29, 31] at the SEXTANTS beamline of the synchrotron SOLEIL. Coincidence spectra were recorded for 73 eV and 92 eV photon energies for Xe, and 100 eV photon energy for Kr. Results for Xe are presented in Fig. S-2 and S-3 .
First, the branching ratios for the population of Xe + , Xe 2+ and Xe 3+ species was estimated, by comparing the energy spectra of electrons detected in coincidence with 0, 1 or 2 other electrons. These figures take into account the estimated detection efficiency f of the electrons which slowly decreases as a function of the kinetic energy of the photoelectron E c , from f = 71% for E c = 4 eV to f = 58% for E c = 80 eV. The obtained Xe ion ratios are presented in Table S- Second, the population of the Xe 2+ final states were investigated in more details, by looking at the energy correlation between the 2 emitted electrons. The energy correlation map between the two electrons emitted upon Xe 2+ formation by 73 eV photons is presented in Fig S-2 . The diagonal lines correspond to formation of the different Xe 2+ final states. The Xe 2+ levels involved in the lasing lines are indicated with the same convention as in Table S Table S-III. 73 eV photon energy lies below the 4d satellite threshold and it is only the decay of the 4d 5/2 and 4d 3/2 holes which contributes to the Auger decay at this photon energy. At 92 eV the 4d satellites to 4d main lines ratio is estimated to 11 ± 1%. These satellites decay mainly (73%) by a double Auger path and contribute only marginally to Xe 2+ population [25] . Population inversion between the superfluorescent states is thus only weakly affected by the contribution of the 4d satellite states, which are found to populate relatively more Xe 2+ excited states than the 4d main lines. The main difference between the two photon energies originates from the contribution of the valence double ionization process, which is observed to populate mainly low energy Xe 2+ final states. Valence double photoionization contributes less at 92 eV photon energy which is close to the maximum of the Xe 4d giant resonance [20] . As a conclusion, our coincidence studies show that population inversion is due to the Auger decay of the 4d inner-shell holes, and that it is reduced at 73 eV photon energy because of the higher contribution of the valence double ionization path at this photon energy. a Ref. [20] TABLE S-III. Relative contribution of 4d hole Auger decay (including 4d 5/2 , 4d 3/2 and 4d satellites contributions) versus other processes (direct or cascade valence double ionization) for the population of the upper and lower states of the observed superfluorescent transitions. The last row shows the branching ratios, i.e. the proportion of the Xe 2+ upper and lower states relative to all Xe + , Xe 2+ and Xe 3+ created by the photon -gas interaction. Note that the 3 P1 and the 3 P0 are not resolved in our experiment (see Fig. S-2) , and that the sum of the two is shown below ( 3 P0,1). In Kr, the same reasoning applies. The small line width shows that the upper state has a lifetime of ≈ 400 fs, thus superfluorescence occurs after the pulse has propagated through the gaseous medium. The 100-eV photon energy XFEL beam photoionizes the 3d shell with a cross-section of 1.5 Mb [33] . As in the case of Xe at 73 eV, 100 eV is below the shake-up limit. The core-excited states 3d −1 3/2 and 3d −1 5/2 , with spin-orbit splitting of 1.26 eV, decay predominantly via Auger processes, forming double (≈ 70%) or triple (≈ 30%) hole states in the n = 4 shell [33 -37] .
The simpler atomic structure of Kr with respect to that of Xe allows for ab-initio predictions of the states that correspond to the observed superfluorescent emission. A recent study by Zeng et al. [39] ADDITIONAL EXPERIMENTAL DATA
We present here pump energy and gas pressure scans of several emitted lines. The small-signal gain coefficient of the amplification process can be experimentally determined by the pressure dependence of the emission lines at fixed target length (bottom line of Fig. S-4 and Fig. 3-b in the main text) . Fitting the exponential rise of the integrated line intensity (dashed lines in Fig. S-4) , we determined gain coefficients of the excited medium and summarized them in Table S-V. We note that the gain coefficient for the Xe 109 nm line pumped with 73 eV is g = 0.8 cm −1 mbar −1 , which is similar to previous results (Sher et al. [50] observed g = 0.73 cm −1 mbar −1 for the same Xe 109 nm line). The behaviour of the Xe 109 nm line with 92 eV pump energy is somewhat different than the other lines, and no gain coefficient could be extracted. 
DESCRIPTION OF THE SUPERFLUORESCENCE MODEL Theoretical framework
Here, we describe the few level model for Xe and provide the explicit forms for the time evolution of the populations, correlation function for atomic coherences and the two-point time correlation function for the field operators that gives the temporal and spectral properties of the emitted field. The procedure to obtain these equations is summarized, while a detailed derivation will be presented elsewhere.
Starting from the Hamiltonian (within the rotating wave approximation) for the quantized fields interacting with a set of uniformly distributed two-level atoms, the Heisenberg equations of motion for the field and atomic operators were derived. The field elimination was then performed to express the evolution of atomic operators for a given atom in terms of atomic operators of given and other atoms at previous time moments and field operators at initial time moment. Following this, Weisskopf-Wigner approximation was performed on the terms corresponding to the radiation reaction (spontaneous emission). In order to obtain numerical solutions with moderate computational effort and to allow for parameter studies, a one-dimensional approximation is performed. In addition, using the swept-pumping property leads to time evolution equations in the moving frame of the field. Finally, the time evolution equations for the field and atomic operators were used to evaluate various time and space correlation functions required to obtain the experimentally relevant observables. The higher order correlation functions appearing in the time evolution, beyond second order, were suitably factorized to obtain closed form equations.
In a real system, multiple atomic levels beyond the two lasing levels are involved. The feeding and the depletion of the lasing levels from/to other atomic levels due to pumping and non-radiative decay mechanisms was treated using suitable Lindbladian terms of a corresponding master equation. The influence of these terms on the evolution of the correlation functions was computed following Scully et al., Quantum Optics, Cambridge (1997), Ch.8.
The sample in the experiment is assumed to be a quasi one-dimensional medium with a characteristic radius R. For a given three-dimensional density n 3 , the one-dimensional density is given as n 1 = n 3 πR 2 . The one-dimensional approximation introduces a solid angle parameter, denoted as ∆o, the angle into which the atoms are emitting coherently. This approximation can be justified for systems that have Fresnel number about 1, see [1] for further discussions. To take this into account we divide the medium into subregions (along the transverse direction) with Fresnel number 1, take ∆o according to dimensions of the subregion and assume radiation from subregions to be independent. The emission at a given superfluorescence frequency, ω F , is modeled to be a consequence of the following process: The ground state (|0 ) of Xe is pumped by a FEL pulse at central frequency, ω pump . This creates 4d −1 inner valencehole state (|c ) which decays by an Auger process into states that predominantly have 5s −1 and 5p −1 hole nature. These states constitute the superfluorescence levels |g , |e . The fluorescence rate between these levels is denoted by Γ sp . Further details on the superfluorescence levels leading to each of the emitted frequencies observed in the experiment can be found in the main text and in Table S-I. The Auger lifetime (1/γ a ) of |c is 6 fs. The branching ratios (b g , b e ) into the individual lasing levels are estimated from coincidence measurements. The pumping frequency of 73 eV is in the vicinity of the so-called giant resonance feature. The photoionization cross sections of all the states involved are comparable and denoted as σ abs .
The pumping rate for a given state |a is given by γ is the total decay rate. The spectral properties can then be computed as
dτ 2 e −iωτ2 G(z, τ 1 , τ 2 ).
(S-10)
Simulation results
We present here details of the model calculations shown in the main text, for a pump photon energy of 73 eV. A reasonable agreement between the simulations according to equations presented above and the experimental dependence of emitted photon number on FEL pump energy and Xe gas pressure was found for the following simulation parameters: spontaneous lifetime corresponding to the transition from |e to |g level is 1 ns; Auger branching ratios are b e =0.062/3 and b g =0.030/4, where the measured branching ratios (see Table S -II) are divided by degeneracy of the levels; XFEL absorption cross section σ abs =5.2 Mb, superfluorescence absorption cross section σ absF =60 Mb, pump duration is 80 fs, Gaussian shape is assumed; z R =2.0 mm, effective photon flux varies from 8.7 × 10 8 photons/µm 2 at 30 mJ to 2.0 × 10 9 photons/µm 2 at 70 mJ. The sample length is 6.5 mm. Figures S-7 -S-9 present examples of system observables evolution for various values of pumping. The same parameters as for Fig. 3 of the main text were used. Temporal and spectral intensity profiles at the exit of the medium for these simulations are shown in Figs. 4-b and 4-c of the main text. One can see that increasing of the pump results in stronger depletion of the ground level and higher population of the core-excited level. It is transferred to higher population of the |e level at the initial time. This in turn results in higher values of correlation of atomic coherences that leads to collective oscillatory behavior. The oscillatory behavior in the temporal domain translates in a broadening of the emitted radiation spectra.
FIG. S-7.
Example of the evolution of the system observables in the case of 30 µJ pump pulse energy and 73 eV pump photon energy. The number of emitted photons at this pump energy is shown by a red dot. The emitted radiation spectra for each z value are normalized to maximal value at given z. Fig. S-7 for 50µJ pumping.
FIG. S-8. Same as

